Abstract: A new family of wavelets is introduced, which is associated with Legendre polynomials. These wavelets, termed spherical harmonic or Legendre wavelets, possess compact support. The method for the wavelet construction is derived from the association of ordinary second order differential equations with multiresolution filters. The low-pass filter associated to Legendre multiresolution analysis is a linear phase finite impulse response filter (FIR).
Introduction
A recent paper [1] introduced new orthogonal wavelets related to the Mathieu wave equation [2] . It was then suggested the idea of linking other ordinary 2 nd -order differential equations (wave equations) with the transfer function of analysing orthogonal multiresolution filters [3] . An appealing case comprises orthogonal polynomials that are solution of certain differential equations. Different systems of orthogonal polynomials satisfying second-order ordinary differential equations have long been used in Physics and Engineering [4] . Jacobi, Legendre, Hermite, Gegenbauer, Laguerre are examples of polynomials encompassing very well-known properties [2, 5] . This paper is particularly concerned with Legendre polynomials. Associated Legendre polynomials are the colatitudinal part of the spherical harmonics which are common to all separations of Laplace's equation in spherical polar coordinates. The radial part of the solution varies from one potential to another, but the harmonics are always the same and are a consequence of spherical symmetry. Legendre functions have widespread applications including Control Systems, Engineering and Physics [4] . They are used in problems in which spherical polar are appropriate, for instance, to determine the steady-state temperature in a uniform sphere of radius unity when one half of the surface is kept at 0 o C and the other half at 1 o C [4] . Further attractive matter defined on a spherical surface can be found in electromagnetics and acoustics [6, 7] . They have also been useful in system identification [8] , as a method for solving the least-square estimation problem [9] , and even in sophisticated imaging problems such as "shape from shading algorithms" for 3-D image reconstruction [10] . Legendre polynomials have recently been used so as to define a windowing technique for FIR filter design, instead of Hamming, Kaiser or other standard window [11] . They are also useful for analyzing the propagation characteristic of multimode planar graded-index optical fibers [12] or for investigating scattering and waveguiding by planar periodic strip [13] . Transform coding is now a very common tool in signal and image analysis. Discrete versions (DWT) of wavelet transforms have successfully been proposed to be used instead of classical discrete transforms such as Discrete Fourier Transform (DFT) and Discrete Cosine Transform (DCT), in several applications [14] [15] [16] . Another discrete transform less recognized is the discrete Legendre transform (DLT) [17] . They are especially efficient when data can be modeled by a polynomial function [7] . Parallel algorithms for computing DLT and IDLT are available [17, 18] . Colomer & Colomer recently introduced a new electrocardiogram (ECG) compression scheme, which is based on the DLT [19] . The DLT can also be a powerful tool in computerized tomography [20] . Wavelets associated to finite impulse response filters (FIR) are commonly preferred in most applications. 
Preliminaries On Legendre Functions
Spherical harmonics are solutions of the Legendre 2 nd -order differential equation, n integer:
The solution of (1) above is the n th order Legendre polynomial P n (z). Such polynomials can easily be found from the Rodrigues' formula [2] :
(
Frequently it is more appropriate to confine the variable z to be real, z=x into the region |x|≤1. In such cases, it is common to adopt the variable change x=cosθ and deal with the polynomials under the form P n (cosθ). It follows that P n is 2π-periodic and |P n (cosθ)|≤1. This is precisely what we require, assuming θ related to the spectral frequency ω. Additionally, the following property holds:
The n th Legendre polynomial has n distinct roots within the interval -1≤x≤1. |P n (cosθ)| functions present a shape that visibly resemble that of a low-pass filter, provided that n is odd [2] . Limiting values are P n (1)=1 and P n (0)=0, n odd. The Legendre polynomials are described by: 
Legendre Multiresolution Filters
P n (cosθ) polynomials can be used to define the smoothing filter H(ω) of a multiresolution analysis (MRA) [3] . Since the appropriate boundary conditions for an MRA are |H(0)|=1 and |H(π)|=0, the smoothing filter of an MRA can be defined so that the magnitude of the low-pass |H(ω)| can be associated to Legendre polynomials according to:
This is quite similar to the approach implemented to derive the Mathieu wavelet [1] : The cosineelliptic Mathieu function was associated to a lowpass filter according to
Here, ν plays the role of 2n+1: Mathieu wavelets can be only derived when ν is odd. Moreover Legendre polynomials are already normalized, i.e., 
Illustrative examples of filter transfer functions for a Legendre MRA are shown in figure 1 , for ν=1,3 and 5. We can notice the low pass behaviour for the filter H, as expected. The number of zeroes within -π<w≤π is equal to the degree of the Legendre polynomial. Therefore, the roll-off of side-lobes with frequency is easily controlled by the parameter ν. A suitable phase assignment should be done so as to properly adjust the transfer function H ν (w) to the form In order to derive a multiresolution analysis, the transfer function of the high pass analysing filter G ν (ω) can be chosen applying the QMF condition [3, 21] , yielding:
(12) It can immediately be seen that |G ν (0)|=0 and |G ν (π)|=1, as expected. Once defined H ν (ω), the next step is to compute the filter coefficients {h k }, k∈Z. This can be done by applying explicit expressions involving Legendre polynomials and trigonometric functions [2, 5] : After a rather trivia manipulation ,1,2,. .., ν. (16) It follows then the symmetry:
There are just ν+1 non-zero filter coefficients on H ν (ω), so that the Legendre wavelets have compact support for every odd integer ν. Finally, Legendre wavelets can be derived from the lowpass reconstruction filter by an iterative procedure (the cascade algorithm). The wavelet has compact support and finite impulse response AMR filters (FIR) are used (table 1) . Curiously, the first wavelet of the Legendre's family is exactly the well-known Haar wavelet. Figures 2  and 3 show an emerging pattern that progressively looks like the wavelet's shape. As with many wavelets there is no nice analytical formula for describing harmonic spherical wavelets. Aiming to investigate potential applications of such wavelets, software to compute them should be written. Nowadays one of the most powerful software supporting wavelet analysis is the Matlab TM (MATrix LABoratory) [24] , especially when the wavelet graphic interface is available. In the wavelet toolbox, there exists five kinds of wavelets (type the command waveinfo on the prompt): (i) crude wavelets (ii) Infinitely regular wavelets (iii) Orthogonal and compactly supported wavelets (iv) biorthogonal and compactly supported wavelet pairs. (v) complex wavelets. The majority of functional wavelets are of kind three or four. Legendre wavelets can be easily loaded into the MatLab™ wavelet toolbox --The m-files to allow the computation of Legendre wavelet transform, details and filter are currently (freeware) available at the URL: http://www.ee.ufpe.br/codec/Legendre.html The Legendre wavelet shape can easily be visualised using the wavenemu command of Matlab™. The finite support width Legendre family is denoted by legd (short name). Wavelets: 'legdN'. The parameter N in the legdN family is found according to 2N=ν+1 (length of the MRA filters). Figure 4 shows legd8 wavelet display using MatLab TM . The association between Legendre and other linear phase wavelets [26] remained to be investigated.
As with many other wavelets, the filter coefficients cannot guarantee a perfect reconstruction [27] . However, starting with an non-orthogonal compactly supported wavelet basis, it is possible to generate an orthogonal multiresolution by means of Herley-Vetterli approach [28] . Furthermore, Biorthogonal Legendre wavelets could probably be derived to achieve exact reconstruction property. This seem to be the most promising approach for further development. Wavelet Packets (WP) systems derived from Legendre wavelets can also be easily accomplished. Figure 6 illustrates the WP functions derived from legd2. 
Final Remarks

